Yoke-based permanent magnetic circuits are widely used in Kibble balance experiments. In these magnetic systems, the coil current, with positive and negative signs in two steps of the weighing measurement, can cause an additional magnetic flux in the circuit and hence a magnetic field change at the coil position. The magnetic field change due to the coil current and related systematic effects have been studied with the assumption that the yoke material does not contain any magnetic hysteresis. In this paper, we present an explanation of the magnetic hysteresis error in Kibble balance measurements. An evaluation technique based on measuring yoke minor hysteresis loops is proposed to estimate the effect. The dependence of the magnetic hysteresis effect and some possible optimizations for suppressing this effect are discussed.
I. Introduction
The Kibble balance, formerly known as the watt balance [1] , is one of the major instruments for realizing the unit of mass, i.e. the kilogram, in terms of the Planck constant h under the revised International System of Units (SI) [2] . A Kibble balance establishes a relationship between the mass of an artefact and the Planck constant by comparing mechanical power to electrical power, which can be viewed as a bridge linking classical and quantum mechanics [3] . Detailed principles and descriptions of a Kibble balance can be found in recent review papers, e.g. [4] .
In Kibble balance experiments, a sub-Tesla magnetic field with a good vertical uniformity is required. After many years of optimization and practice, all the ongoing Kibble balances in the world have chosen to use yokebased permanent magnetic circuits [5] - [14] . One of the main effects of such a magnet system is the coil-current effect, i.e. the coil current interacts with the main magnetic circuit and can cause a change in the magnetic field at the measurement position.
Theoretical and experimental studies have been made on the current effect: In [15] , [16] , the static nonlinear effect was studied, and the main static non-linearity was found to be due to the yoke magnetic status change in the weighing measurement. The effect was evaluated to be small compared to a typical Kibble balance measurement uncertainty, e.g. 2 × 10 −8 . The nonlinear current effect can be precisely determined by running the experiment with different currents (masses). Experimental measurements of Kibble balances at the National Research Council (NRC, Canada) and the National Institute of Standards and Technology (NIST, USA) yielded a nonlinear current term with a few parts in 10 9 in their systems [17] , [18] . In [19] , it was shown that the linear current effect is mainly contributed by the coil inductance change at different vertical positions, and a significant linear magnetic profile change, proportional to the coil current, has been experimentally observed. Further, different profile changes in weighing and velocity phases were experimentally measured in one-mode schemes [20] . The linear change of the magnetic profile can cause a bias when there is a coil vertical position change during two steps of weighing, i.e. mass-on and mass-off. This bias, which is also closely related to parameters of the magnet system, in general, should be carefully considered in the measurement.
So far, all studies of the current effect are made based on an assumption that the yoke has a fixed magnetization curve and does not contain any hysteresis. In reality, the yoke used to build the Kibble balance magnet, as reported in [21] , has a considerable magnetic hysteresis. The excitation (current) change during the weighing measurement can shift the yoke working point and hence could bring a magnetic field change at the coil position compared to the field measured in the velocity phase. In this paper, theoretical analysis and experimental investigations are presented to build an evaluation technique for potential errors caused by the magnetic hysteresis. The analysis assumes that the magnet yoke is left in a magnetized state at the end of the weighing phase. We note this magnetization state is not unavoidable. It can practically be erased by applying a decaying oscillatory waveform to the coil current at the end of the weighing phase, as implemented in the NPL (National Physical Laboratory, UK) and NRC Kibble balances [5] , [6] . The remainder of the paper is organized as follows: In section II, a theoretical analysis of the magnetic hysteresis effect is presented. In section III, an experimental example is taken for an estimation of the magnetic hysteresis error. Some discussions on the dependence of the effect, as well as possible ways to suppress the hysteresis error, are summarized in section IV.
II. Theoretical analysis A. Overview of the analysis
The main purpose of this paper is to establish the relationship of magnetic flux density change at the coil position, ∆B a , due to the coil current I and the yoke BH hysteresis. The analysis begins with a conventional twomode, two-phase measurement scheme, and is divided into three independent steps: 1) Linking the magnetic flux density change at the coil position ∆B a to the magnetic field change in the yoke ∆B y , i.e. function ∆B a = A 1 (∆B y ). 2) Modeling the magnetic flux density change of the yoke ∆B y , via yoke BH minor hysteresis loops, as a function of the magnetic field change in the yoke ∆H y . i.e. ∆B y = A 2 (∆H y ). 3) Expressing the magnetic field change in the yoke, ∆H y , as a function of the coil current in the weighing phase, i.e. ∆H y = A 3 (I). Using the three steps above, the magnetic field change at the coil position can be modeled in terms of coil current in the weighing measurement, and the magnetic hysteresis effect can be evaluated accordingly.
B. Linking ∆B a to ∆B y
In Kibble balances, the general idea of a yoke-based magnetic circuit, e.g. the BIPM-type magnet [21] , is to compress the magneto-motive force (mmf) in a narrow air gap formed by inner and outer yokes so that the magnetic field generated is strong and uniform. In the weighing measurement, the coil is placed in the air gap with a current, and the newly created magnetic flux of the coil remains within the path composed of the air gap (goes through twice) and inner/outer yokes. Fig. 1 presents the magnetic flux distribution created by the SmCo magnets and the coil current in the air gap region. The total magnetic field will increase when the coil flux has the same direction as the SmCo flux. Otherwise, when two flux directions are opposed, the magnetic field in the air gap is reduced by the coil flux.
In a Kibble balance, the weighing position is usually set at an extreme point (which has the flattest profile, i.e. ∂B ar /∂z = 0, where B ar is the radial magnetic flux density in the air gap, and z is the vertical axis) in order to minimize related systematic errors, e.g. the magnetic field difference due to the current asymmetry of mass-on and mass-off [20] . Note that in an up-down symmetrical magnetic circuit design, the field extreme point locates at the vertical center of the air gap, i.e. z = 0, because, in this plane, the SmCo magnetic flux contains a purely horizontal component, i.e. B az = 0. Note that in reality, the magnetic center could be shifted by non-ideal construction of the magnet, e.g. the asymmetry of the magnetization, mechanical assembly, etc, but the hysteresis error, which is the focus of this paper has a weak dependence on the field flat point in the central region and can be similarly analyzed. Without losing generality, in the following analysis, we assume that the weighing position is z = 0, and in this case (as shown in Fig. 1 ) the coil flux has a symmetrical up-down distribution in both inner and outer yokes. Since only the horizontal component of the magnetic flux density can generate a vertical force, in the following discussion, the magnetic flux density denotes simply the horizontal component. Also, in the following analysis, we take a typical cycled Kibble balance measurement sequence, V W 1 W 2 V (V denotes the velocity measurement, W 1 and W 2 the weighing measurements with different current polarities), as an example. Other measurement sequences can be similar analyzed.
In the velocity measurement, there is no current in the coil and the magnetic flux density at the coil position is B av . The BH working points at inner/outer yoke boundaries are respectively, (H yiv , B yiv ) and (H yov , B yov ). In the first weighing step, i.e. I = I + (mass-on), the flux produced by the current shifts the magnetic flux density of inner and outer yokes to B yi+ and B yo+ , and in the second step I = I − (mass-off), the magnetic flux density in the inner and outer yokes is changed to B yi− and B yo− .
It is known that in such a magnetic circuit, the horizontal magnetic flux density in the air gap follows approximately a 1/r relationship, where r is the radius of the focused position in the air gap [22] . In a typical Kibble balance magnet, the air gap width is usually much smaller than its radius, and hence the coil field gradient in the air gap can be approximately considered linear along r direction. This approximation allows us to write the magnetic field at the coil position as a function of the inner and outer yoke boundaries as
where ∆B yi and ∆B yo denote the magnetic flux density change respectively at the inner and outer yoke boundaries. Note that (1) is not accurate for absolute field calculation, but it is good enough for modeling the field change where the total effect is small (verified in section II-D).
Since the normal component of magnetic flux density is continuous across the yoke-air interface, the magnetic flux density at the coil position in two steps of the weighing measurement can be written as
Eq. (2), by combining with the weighing equations,
where L denotes the coil wire length, m the mass of the artefact, m c the counter mass (including the reading of the weighing cell or a mass comparator), g the local gravitational acceleration, gives the effective magnetic field density seen by the coil in the weighing phase as
Conventionally, as the currents in the weighing phase are set symmetrically, i.e. I + = −I − = I, then (4) can be simplified as
Note that in Kibble balances, only the magnetic field change between two measurement phases, as presented in (5) 
, the magnetic field change at the coil position is averaged out. However, the yoke magnetic flux density change as a function of the coil current (or H field change) is not linear (even without hysteresis), and the residual nonlinear term should be evaluated.
C. ∆B y (∆H y ) and minor BH hysteresis loops
In the Kibble balance magnet, a good design would keep the yoke permeability, µ, at or close to the maximum point of the µ(H) curve, where the B(H) curve has a large static slope B/H. When the yoke magnetic field H is slightly shifted by the coil flux in the weighing phase, a minor BH Fig. 2 (a) presents an example of the minor BH hysteresis loop in the weighing measurement. The shape of the minor loop can be different but the global slope of the loop is always positive (determined by the differential permeability µ d ). For either the inner or outer yoke, the coil flux with mass-on will increase the horizontal magnetic field in one half of the yoke boundary, while it will decrease the field of the other half of the yoke boundary by the same amount. For example, the magnetic field in the upper half of the yoke boundary is shifted by ∆H, while the field of the lower half is shifted by −∆H. As shown in Fig. 2 (a), with plus current (mass-on), the BH working point of the upper yoke is shifted to W 1+ following the blue minor loop, and the lower yoke BH working point moves to W 2+ along the magenta loop. With the negative current (mass-off), the upper yoke is working at W 1− and the lower yoke would be at W 2− .
Based on (5), the average magnetic flux density change for the inner yoke can be written as
On the right side of (6), the first term denotes the nonlinearity of H increasing curve (dH/dt > 0) and the second term presents the nonlinearity of H decreasing curve (dH/dt < 0). (B yi1+ + B yi1− )/2 is the averaged magnetic flux density of W 1+ and W 1− , which equals the magnetic flux density at point A. (B yi2+ + B yi2− )/2 is the magnetic flux density at point B. Then (6) can be rewritten as
where AV and BV denote the line lengths of AV and BV . Since the two minor loops in Fig. 2 (a) have the same shape, and hence BV = AC. Then (7) is simplified to
Eq. (8) can be simplified by normalizing the hysteresis curves as shown in Fig. 2 (b), i.e. two end points of the original minor loop are rotated to be aligned with the ∆H y axis. It can be mathematically proven (as shown in Appendix) that
where F denotes a function related only to the even-order terms of yoke magnetic field change due to the coil current ∆H. When the minor loop is flat, we can rewrite (6) as
where ∆B i | dH/dt<0 , ∆B i | dH/dt>0 , as shown in Fig. 2(b) , denote the magnetic flux density change on normalized H decreasing and H increasing curves at ∆H y = 0, i.e. the magnetic flux density at points D and E respectively. A similar analysis can be applied to the outer yoke. The magnetic flux density change in the yoke boundary due to the magnetic hysteresis is,
Substituting (10) and (11) into (5) yields
Since the BH working point of inner and outer yoke boundaries is not far separated (magnetic flux density difference < 0.1 T), (12) can be approximated as
where ∆B is the yoke magnetic flux density change (normalized curve) with B y ≈ (B yi + B yo )/2. In order to evaluate the hysteresis effect, the minor BH loops and the yoke magnetic field change due to the current, i.e. ∆H, should be known.
D. Yoke magnetic field change due to coil current
The magnetic profile change due to the coil flux in the weighing phase has been studied in [20] . The slope of the magnetic profile change can be measured directly by the force-current ratio at different positions or by the voltage-velocity ratio with a moving current-carrying coil. To evaluate the hysteresis effect, the real magnetic field distribution along the vertical direction is required. A study of the field change based on the finite element analysis (FEA) is presented [23] .
As shown in Fig. 3 , the magnetic flux density change caused by the coil current is a step function along the vertical direction: At two ends, the field change stays constant (opposite directions) and in the coil region, the magnetic field change is a linear function of the coil vertical position z. This result can be easily modeled by Ampere's law: Above or below the coil, the ampere-turns of the coil, i.e. N I (N is the total number of the coil winding), is fixed. In the coil region, the ampere-turns are N Iz/h c , where h c is the half height of the coil. The main mmf drop is horizontally along the air gap (twice), then the magnetic flux density produced by the coil current at the air gap center r = r c can be calculated as
where δ is the width of the air gap, µ 0 the permeability of vacuum, sign(z) the sign of z. This calculation is checked using an FEA example. In the simulation, an air gap with similar parameters of the BIPM Kibble balance magnet is used: The radii of the inner and outer yoke boundaries are r i = 118.5 mm and r o = 131.5 mm. The height of the air gap is 80 mm. The air gap width is δ = 13 mm. The coil, 10 mm in width and 20 mm in height (h c = 10 mm), is placed at the geometrical center of the air gap, i.e. r c = 125 mm and z = 0 mm. The ampere-turns of the coil, N I, are 14 A, which can generate 4.9 N magnetic force (corresponding to the weight of a 500 g mass). Fig. 4 compares the magnetic flux density distribution obtained by FEA and an analytical model (14) . The result produced by the analytical model agrees well with the FEA calculation. Fig. 4 also presents the magnetic flux density distribution at the inner and outer yoke boundaries, r i and Fig. 4 provides a good check on the approximation given in (1) . The difference between the result obtained by (1) and the 1/r relationship (real distribution) is only 0.3%. Knowing the ∆B value in the air gap center r c based on (14), we can then solve the magnetic flux density at both yoke-air boundaries following the 1/r relationship. Since the horizontal component of the magnetic flux density is continuous in both yoke-air boundaries, the magnetic field changes at the inner and outer yokes are solved respectively as
where µ r is the relative yoke permeability. As shown in Fig.  3 , at the coil center z = 0, ∆H y is zero, and the magnetic hysteresis effect at this point is also zero. It is shown in (9) that the magnetic hysteresis effect is related only to the even order of yoke H field change. Therefore, at z = ±h c , both |∆H y | and the magnetic hysteresis effect reach a maxima. Note, we define the maximum magnetic field change at yoke boundary as ∆H. As a result, the hysteresis effect seen by the measurement should be the average value in the coil region. If the magnetic flux density change in the yoke ∆B is described by polynomial forms of ∆H 2 as ∆B = i=2,4,...
a following gain factor should be added to the maximum effect (at z = ±h c ) due to the average in the coil range, i.e.
where x is the normalized hysteresis effect ranged from 0 to 1. Note that the gain factor K is equal to 1/3 when ∆B is described only by the quadratic term, i.e. i = 2. Another conclusion obtained from the above analysis is that the magnetic hysteresis does not rely on the coil height (2h c ), because the maximum effect value and K are both independent of h c .
E. Measurement and evaluation technique
Using the above analysis, the measurement and evaluation technique for the magnetic hysteresis effect is proposed as follows. First, the yoke minor hysteresis loops, centered to the yoke BH working point (air-yoke boundaries or an averaged magnetic flux density close to B yv ), need to be measured. The purpose of this step is to determine the coefficient κ i in (17) . In Kibble balances, since the yoke H field change due to the current is tiny and cannot be measured directly, here a fitting method is suggested: 1) measure a group of minor hysteresis loops, H centered to H yv and ∆H changing as a variable; 2) normalize the hysteresis loops measured; 3) fit V D = ∆B| dH/dt>0 and V E = ∆B| dH/dt<0 as functions of ∆H; 4) find a best-fit order and calculate κ i values for both H increasing and H decreasing curves. In this way, both ∆B(∆H 2 ) and the gain factor K, i.e. (17) and (18), are solved. The next step is to follow (15) and (16) and calculate the H field change at yoke boundaries during weighing measurements. Note that in this step the permeability of the yoke needs to be measured. Knowing ∆H y (z) in the coil region during mass-on and mass-off, the yoke magnetic flux density change ∆B in both directions can be calculated based on (17) . Then using (12) or (13), the magnetic hysteresis effect can be evaluated.
III. Experimental measurement: An example A. Experimental setup
In this section, we give an estimation of the magnetic hysteresis effect based on an experimental measurement of yoke minor loops. The yoke material used is a Ni-Fe alloy (50:50). The sample has a inner diameter of r 1 = 55 mm and a outer diameter r 2 = 70 mm. The thickness of the yoke ring is 15 mm.
The measurement circuit is presented in Fig. 5 . A signal generator, which can output up to 100 mA current, is used to supply the required current. In order to reduce the influence of eddy current and skin effect, the frequency of the signal used in the measurement is set at 0.1 Hz. The primary winding, with a total number of turns N 1 , is excited by the signal generator. The current through the primary winding is measured by the voltage drop on a standard resistor, R s = 25Ω. According to Ampere's law, the magnetic field through the core (yoke) is calculated as
The induced voltage, U , of the secondary winding is measured against a voltmeter, which can be written in Faraday's law as
where s is the yoke sectional area and u 0 an offset in the measurement. The magnetic flux density given by (20) can be written as
Note that in the measurement, u 0 is an unknown quantity. But in practice, we can choose a constant u 0 value that makes the averaged B field in a period (T ) equal to zero when the excitation current has no dc component.
B. Measurement results
With the measurement of H and B fields, respectively presented in (19) and (21), the BH hysteresis loop of the sample can be determined. As a comparison, two cases of measurement for the yoke material, with and without the heat treatment (≈ 1150 • C in hydrogen for 4 hours), were made. Note that both measurements were carried out in the same yoke piece.
We first measured the main BH hysteresis loops. In this measurement, the signal generator supplies a sine voltage of 0.1 Hz without the dc component. The amplitude of the excitation, i.e. H field, is slowly increased to the maximum (respectively 320 A/m and 76 A/m before and after the material heat treatment). The main BH hysteresis loops of the yoke sample with and without heat treatment are shown in Fig. 6 (a) and 6 (b). It can be seen that the hysteresis shape of the sample has a significant dependence to the heat treatment: Without the heat treatment, the main BH loops have a sharp edge, where the B and H fields meet at the same BH point and reach both maximum values. In this case, the main magnetization curve can be easily obtained by connecting these maximum field points. However, after the heat treatment, sharp edges disappear in the main BH loops before reaching saturation. This is probably caused by electromagnetic resistance effects, e.g. skin effect ( For the low frequency range, the additional phase shift is proportional to √μ whereμ is the average permeability of the BH loop). In order to suppress the bias related to this effect, as shown in Fig. 6 , a curve averaged by the B-maximum point and the H-maximum point is used to present the main magnetization. Accordingly, the relative permeability µ r as a function of H, and the relative differential permeability µ d as a function of H can be calculated, as shown in the subplots of Fig. 6 . Before the heat treatment, the maximum permeability is about 2900 at H ≈ 60 A/m while the maximum µ d is about 3700 at H ≈ 30 A/m, while after the heat treatment, µ r has a maximum value of 51000 at H = 8.5 A/m and µ d reaches the maximum at H = 5 A/m. It is concluded that heat treatment improves the permeability of the yoke sample by The measurement result of the minor hysteresis loops is shown in the upper subplots of Fig. 7 . As discussed in section II, the linear component of the B field change does not contribute to the hysteresis effect, therefore, we removed the linear component and normalized these minor hysteresis loops as shown in the lower subplots. It can be seen from the measurement result that the non-linearity of the minor BH loops behavior differs in two H changing directions, and the normalized loop has also a dependence on the heat treatment.
C. An evaluation of the hysteresis effect
Knowing the minor hysteresis loops as shown in Fig.  7 , we can obtain the ∆B value at the H field center (∆H y = 0), i.e. ∆B, as a function of the H field change ∆H. Fig. 8 presents ∆B(∆H 2 ) functions in H increasing (dH/dt > 0) and H decreasing (dH/dt < 0) directions. In both directions, we use a cubic fit, i.e.
to model the ∆B(∆H 2 ) function. It can be seen in Fig.  8 that the fit of (22) can well represent the measurement data. The fit is then used to interpolate the ∆B value in the weighing measurement of the Kibble balance, where ∆H in this case should be calculated based on the magnetic field change due to the coil current, i.e. ∆H = ∆B/(µ 0 µ r ). Note that ∆B ≈ 0.6 mT is shown in Fig. 4 in the BIPM magnet system. Table I presents the fitting result and parameters used for evaluating the magnetic hysteresis error. It is observed from the calculation that when ∆H is small, the non-linearity of (22) is mainly contributed by the quadratic term (> 99.9% in both cases). Also, the gain factor K approaches 1/3 with a difference below 1 × 10 −5 . Note that although the high order terms contribute weakly to ∆B when ∆H is small, they cannot be simply removed during the fit. Because the ∆H value is much larger in the fit, and these higher order terms can have a significant contribution. In Table I , ∆B 1 and ∆B 2 are defined as the interpolation values according to (22) in the weighing measurement along the H decreasing and increasing directions, i.e. ∆B 1 = ∆B| dH/dt<0 , ∆B 2 = ∆B| dH/dt>0 . It is seen from the calculation that the main contribution comes from ∆B 1 , and ∆B 2 has an opposite sign with a smaller amplitude. As shown in (13) , it is reasonable to consider that the inner and outer yokes share the same BH working point to simplify the calculation. Using K ≈ 1/3, the magnetic hysteresis effect presented in (13) can be written as
Following (23), the total magnetic hysteresis effect is formed by the residual of combining ∆B 1 and ∆B 2 , in which ∆B 2 cancels the major part of the ∆B 1 component. With B av = 0.4 T, (23) yields a bias of (−21.0 ± 2.4) × 10 −9 (with heat treatment) and (−16.8 ± 1.4) × 10 −9 (without heat treatment) in the Kibble balance measurement. Note that here the uncertainty (k = 1) is mainly from the ∆H 2 determination: The maximum error for ∆B y determination is 3.9% obtained from figure 4, and the µ uncertainty is assigned by the standard deviation of the measurement, 4.2% and 1.0%, respectively for samples with and without heat treatment. Since the two effects are comparable, apparently, the magnetic hysteresis effect cannot be limited by the yoke heat treatment. A minus sign means that the yoke hysteresis will lower the magnetic field at the coil position in the weighing measurement. In a Kibble balance, the magnetic flux density decrease in the weighing phase will be compensated by a feedback current, which increases the realized mass in the new SI.
IV. Discussion
The magnetic hysteresis effect could have a dependence on the chemical composition of the yoke material. In the following discussion, we do not focus on the yoke material itself, but the related parameters when the yoke magnetic property is known. Some dependence and possible optimization of the magnetic hysteresis effect are summarized as follows.
Eqs. (15) and (16) show that the yoke magnetic field change in the weighing measurement is proportional to the coil ampere-turns, N I, and inversely proportional to the air gap width δ. Because the hysteresis error is a square effect of the yoke H field change, a smaller N I or a larger δ in the electromagnet system greatly helps to reduce the effect. Since N I ∝ mg/(2πr c B a ), if the test mass m is fixed, the hysteresis effect is then proportional to 1/(B a r c δ) 2 . For example, the 1/(B a r c δ) 2 value of the NIST-4 system [21] is only 1/25 of the BIPM value, and hence the hysteresis of NIST-4 Kibble balance should be much weaker (< 1×10 −9 ) if a similar material is used.
The working point of the yoke, or the yoke permeability µ r also appears in the analysis of the hysteresis effect. An interesting conclusion obtained from the result in Table I is that the magnetic hysteresis error, in fact, is not very sensitive to the heat treatment, or the yoke permeability, µ. This is because when µ is increased, on the one hand, ∆H becomes smaller, but on the other hand, the coefficients of the fit (mainly χ 2 ) become larger. Also, from the measurement result, it seems that the symmetry of the normalized minor loops is better with a larger yoke permeability. It would be also interesting to analyze the hysteresis error change when the yoke working point shifts along a fixed BH curve. First, the magnetic field change in the yoke is inversely proportional to µ r and hence the hysteresis effect is proportional to 1/µ 2 r . However, the sensitivity of the magnetic flux density change ∆B as a function of ∆H can also be related to the yoke permeability. In order to investigate this dependence, we measured the magnetic density change with a fixed ∆H at three different H locations (65 A/m, 130 A/m and 227 A/m) of the sample without heat treatment (The sample without heat treatment provides better resolution during the measurement). The measurement result of three normalized minor loops is shown in Fig. 9(a) . It can be seen that the magnetic flux density change has an obvious dependence on the H field. To clarify the relationship between the yoke magnetic flux density change and its permeability, we calculated the peak value of three minor loops, i.e. ∆B| dH/dt<0 , as functions of the yoke static permeability µ r and the yoke differential permeability µ d . The results are plotted in Fig. 9(b) . A linear relation between ∆B| dH/dt<0 and µ d is obtained, therefore, we conclude that the hysteresis effect is approximately proportional to µ d . Combining the two conclusions above, the magnetic hysteresis effect is proportional to a permeability ratio µ d /µ 2 r . It can be easily observed that close to the working yoke permeability the µ d /µ 2 r value is stable, and a slight change of the yoke permeability during the weighing measurement will not significantly affect the magnetic hysteresis error.
Except for the two-mode, two-phase scheme, a Kibble balance can also be operated with a one-mode, two-phase scheme [12] , [13] , or one-mode, one-phase scheme [14] . Under a one-mode measurement, the current is through the coil during both weighing and velocity measurement phases. Compared to the two-mode, two-phase scheme, the coil current change and hence the yoke magnetic status change between weighing and velocity measurements is much less (at least two magnitudes smaller), therefore, the magnetic hysteresis effect in the above examples is negligible (< 1 × 10 −9 ) and should not be a limitation in the BIPM one-mode, two-phase measurement.
V. Conclusion
The yoke magnetic hysteresis error is a part of the current magnetization effect which arises from the BH nonlinear characteristic of the yoke material. Understanding its mechanism helps to characterize the performance of a yoke-based magnetic circuit, and may also lead optimization in designing such systems. In this paper, we presented both a theoretical analysis and a practical technique for evaluating the magnetic hysteresis error based on measuring yoke minor hysteresis loops.
Theoretical analysis shows the magnetic hysteresis error is a nonlinear current effect. The yoke status change is mathematically described by a normalized minor loop. Based on this description, the yoke magnetic flux density change ∆B y is modeled by the yoke H field change ∆H, while ∆H is linked to the coil magnetic field in the air gap following a continuous boundary condition. In this way, the hysteresis error is quantitatively related to the coil current.
Experimental measurement of a soft yoke sample has been carried out to check the proposed theory. The measurement and proposed evaluation technique showed how the hysteresis effect is related to even orders of the yoke field change caused by the coil current. An evaluation of the hysteresis effect based on this experimental determination yields an effect of about 2 parts in 10 8 under a configuration of the two-mode, two-phase scheme in the BIPM system. The one-mode scheme has the advantage of suppressing the magnetic hysteresis error. As observed the effect depends closely on the coil ampere-turns, the width of the air gap, and the yoke property. As demonstrated and discussed in this paper, the non-linear current effect can be significant in Kibble balances (especially for magnet systems with a small gap), which should be checked or optimized carefully: 1) conventionally, the nonlinear magnetic effect can be determined experimentally by weighing different masses; 2) as presented in [6] , with an appropriate mechanical design, the hysteresis error can be removed by ramping the weighing current slowly to zero before each velocity measurement.
In the end of the paper, we would like to acknowledge some unaddressed consequences of the magnetic hysteresis in this work. It is assumed that the yoke magnetic status is repeatable in a full measurement cycle, e.g. velocityweighing (mass on/off), which in reality may shift with the environmental change and the repeatability of the current ramping. Besides, in the weighing measurement, it probably needs several mass on/off cycles to stabilize the magnetic state and the first measurement may differ from the ones after. The estimation assumes a weighing position at z = 0, where the hysteresis effect, in fact, is minimum, because when the weighing position is chosen shifted from z = 0, the H field change will increase in one vertical end of the coil, and decrease on the other. The major effect (quadratic term) in this case is no longer symmetrical, which will lead to a larger average factor K in the coil region.
Appendix
In Fig. 2(b) , the H increasing curve (dH/dt > 0) and the H decreasing curve (dH/dt < 0) in the original loop are respectively written in forms of polynomials, i.e.
where λ i and γ i are polynomial coefficients of two curves. As (24) goes through point V, i.e. ∆B y | dH/dt>0 = 0 when ∆H = 0, and hence λ 0 = 0. Therefore, (24) can be rewritten as
Eqs. (25) and (26) have crossing points at ∆H y = ±∆H, then we have
As is known in the analysis, the yoke magnetic flux density change due to the yoke hysteresis is −(AV + AC), which based on (24)-(28) can be written as
It can be seen from (29) that the yoke magnetic flux density change due to the hysteresis contains only even order terms of ∆H.
The normalized hysteresis curves in Fig. 2(b) are obtained by removing a linear component that through two end points of the original hysteresis curves. First, the line through point A and two end points of the original loop curve is solved as
Then the normalized H increasing and H decreasing curves can be then written as 
